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Bernius and Blanchard of Bielefeld University in Germany have conjectured
the following polygon inequality: for any two sets of vectors x , . . . , x and y , . . . , y1 n 1 n
in R m,
n
5 5 5 5 5 5) x y x q y y y F x y y .   i j i j i j
i-j i- j i , js1
 .in the 2-norm and that, moreover, equality holds in ) if and only if there exists
 4  .a permutation p on 1, 2, . . . , n such that y s x , i s 1, . . . , n. That ) is validi p  i.
is a consequence of an inequality that holds in certain Banach spaces and which
was recently proved by Lennard, Tongue, and Weston. We therefore characterize
 .  .here the case of equality in ) , actually for vectors in the space X s L V, m ,1
and subsequently use this characterization to complete the proof of the
Bernius]Blanchard conjecture concerning the equality case in a Hilbert space.
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1. INTRODUCTION
In the study of learning in artificial neural networks the following
w xmeasure of wellness of representation has arisen; see Bernius 1 :
 4mGi¨ en a set of 2n points in y1, 1 , di¨ ide it into two parts of equal sizes
 4  4M s j , . . . , j and M s h , . . . , h such that M represents M as well1 1 n 2 1 n 1 2
 .as possible. As an also computationally con¨enient measure of the degree of
representation, Bernius introduced the function
n
5 5 5 5 5 5H s j y h y j y j y h y h ,  1, 2 i j i j i j
i , js1 i-j i-j
5 5 mwhere ? is the Euclidean norm in the real m-dimensional space R .
Bernius and Blanchard conjectured that H G 0 and they have also1, 2
raised the question, more important to them, of when H s 0.1, 2
Actually, it has been known, by a result of Lennard, Tongue, and
w xWeston 3 via an equivalence with a result of Bretagnolle, Castelle, and
w xKrivine 2 , that the inequality H G 0 holds in a Banach space X for1, 2
every n G 2 and every two sets M and M of vectors if and only if X is1 2
 .  .isometric to a subspace of L V, m for some measure space V, m . It is1
w xwell known that the space L 0, 1 with 1 - p F 2 is isometric to ap
w x  w xsubspace of L 0, 1 see Lindenstrauss and Tzafriri 5 and the references1
.cited therein and hence H G 0 holds for any n G 2 and every two sets1, 2
M and M of vectors in the norm of L , 1 - p F 2. Bernius and1 2 p
w xBlanchard 1 formulated the following:
 .CONJECTURE Polygon Equality Conjecture . Let x , . . . , x and1 n
y , . . . , y be ¨ectors in R m. Then1 n
n
5 5 5 5 5 5x y x q y y y s x y y 1.1 .  2 2 2i j i j i j
i-j i-j i , js1
 4if and only if there exists a permutation p of 1, 2, . . . , n such that y s x ,i p  i.
i s 1, . . . , n.
w xTwo special cases of the conjecture were proved in 1 : m s 1 and
n g N and m g N and n s 2.
 .T mAs usual, for any vector x s j ??? j g R and for any positive1 m
number r, we shall let
1rrm
r5 5 < <x s jr i /
is1
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m  .Tand we shall let l denote the space of all m-vectors x s j ??? j ofr 1 m
5 5real numbers with the norm x .r
The main purpose of this paper is to prove the polygon equality
conjecture. However, it turns out that the natural setting for studying the
 .conjecture is the space L V, m instead of a Hilbert space. Therefore,1
before proving the conjecture in Section 3 we will consider, in Section 2,
 .the question of when equality holds in ) in the L -norm.1
 .2. THE CASE OF EQUALITY IN L V, m1
Let us start with a simple example.
2  42EXAMPLE 2.1. Let X s l and let x denote the unit basis of X.1 i is1
 .  . 5 5 5 5Put y s 1, 1 and y s 0, 0 . Then x y x s 2 s y y y and1 2 1 2 1 2
5 5x y y s 1 for all 1 F i, j F 2. Hencei j
2
5 5 5 5 5 5x y y s x y x q y y y , i j 1 2 1 2
i , js1
 42  42but the sets x and y are not identical.i is1 i is1
 .Hence the Bernius]Blanchard conjecture is false in L V, m and we1
 4would like to determine exactly when for the sets M s x , . . . , x and1 1 n
 4M s y , . . . , y in L equality holds.2 1 n 1
Our main tool in studying the equality case is the following:
LEMMA 2.2. Let s F ??? F s and t F ??? F t be any two collections1 n 1 n
of real numbers. Then
n n
< < < < < < < <t y s F t y s y s y s q t y t . 2.1 . .  i i i j i j i j
is1 i , js1 1Fi-jFn
Proof. We start our inductive argument with the case n s 2. We must
show that
< < < < < < < < < < < <t y s q t y s F t y s q t y s q t y s q t y s1 1 2 2 1 1 1 2 2 1 2 2
< < < <y s y s y t y t ,1 2 1 2
which is the same as showing that the inequality
< < < < < < < <s y s q t y t F t y s q t y s2 1 2 1 1 2 2 1
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holds. But this follows from s F s and t F t by checking. Let us pass to1 2 1 2
 .the induction step. Suppose that 2.1 holds for n and let s F ??? F s F1 n
s and t F ??? F t F t be given. Assume without loss of generalitynq1 1 n nq1
that t G s . Thennq1 nq1
n n
< < < < < <t y s s n t y s q s y s . nq1 i nq1 nq1 nq1 i
is1 is1
It now follows from the triangle inequality that
n n
< < < <t y s q s y t nq1 i nq1 i
is1 is1
n n
< < < < < <s n t y s q s y s q s y t nq1 nq1 nq1 i nq1 i
is1 is1
n n
< < < <G s y s q t y t . 2.2 . nq1 i nq1 i
is1 is1
 .But then 2.2 and the induction hypothesis give that
nq1
< < < < < <s y t y s y s q t y t . i j i j i j
i , js1 1Fi-jFnq1
n
< < < <s t y s q s y tnq1 nq1 nq1 i
is1
n n
< < < <q t y s q s y t nq1 i i j
is1 i , js1
n
< < < <y s y s q t y t . nq1 i nq1 i
is1
< < < <y s y s q t y t . i j i j
1Fi-jFn
n nq1
< < < < < <G t y s q t y s s t y s nq1 nq1 i i i i
is1 is1
and the proof is done.
 4n  4nWe are now ready to characterize the sets of vectors x and yi is1 i is1
 .for which equality holds in ) in the L -norm.1
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 4n  4nTHEOREM 2.3. Let x and y be two collections of functions ini is1 i is1
 .  .L V, m . Then equality holds in ) if and only if for almost e¨ery v g V,1
  .4n   .4nthe numerical sets x v and y v are identical.i is1 i is1
Proof. The ``if'' part is immediate because
n
< <x v y y v .  . i j
i , js1
< < < <y x v y x v q y v y y v s 0 .  .  .  . . i j i j
1Fi-jFn
 .for almost every v with respect to m and by integrating over V with
respect to m. Let us then consider the ``only if'' part. Suppose that equality
 .  .  .holds in ) and, for each v g V, let p v, i and s v, i be permutations
 .1, 2, . . . , n for which
x v F ??? F x v .  .p v , 1. p v , n.
and
y v F ??? F y v . .  .s v , 1. s v , n.
We will need the increasing order of these numbers in order to effectively
use Lemma 2.2. We must prove that
for every 1 F i F n , x v s y v a.e. 2.3 .  .  .p v , i. s v , i.
 .If 2.3 is false, then there exist d ) 0, e ) 0, and a subset D ; V with
 .m D G d such that
n
< <for every v g D , x v y y v G e . 2.4 .  .  . p v , i. s v , i.
is1
Note that, for every v g V, the expressions
n
< <x v y y v and .  . i j
i , js1
< < < <x v y x v q y v y y v .  .  .  . . i j i j
1Fi-jFn
 4n  4n  .are invariant under permutations of x and y . Therefore 2.4 ,i is1 i is1
Lemma 2.2, and the equality
n
5 5 5 5 5 5x y y y x y x q y y y s 0 . i j i j i j
i , js1 1Fi-jFn
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yield the inequality
n
5 5 5 5 5 50 s x y y y x y x q y y y . i j i j i j
i , js1 1Fi-jFn
n
< <s x v y y v .  .H i j
V i , js1
< < < <y x v y x v q y v y y v dm .  .  .  . . i j i j 5
1Fi-jFn
n
< <s x v y y v .  .H p v , i. s v , j.
V i , js1
< <y x v y x v .  . p v , i. p v , j.
1Fi-jFn
< <q y v y y v dm .  . .s v , i. s v , j. 5
n
< <G x v y y v dm G em D s ed , .  .  .H p v , i. s v , i.
V is1
a contradiction, and our proof is done.
 .Remark 2.4. Suppose that the measure space V, m is a compact
 4nmetric space and m is a Borel measure. Assume also that x andi is1
 4ny are continuous functions. Then the proof of Theorem 2.3 shows thati is1
the equality
n
5 5 5 5 5 5x y y y x y x q y y y s 0 . i j i j i j
i , js1 1Fi-jFn
  .4n   .4nimplies that x v and y v are identical for every v g V.i is1 i is1
Lemma 2.2 now yields the following result for monotonically increasing
sequences of functions:
 4n  4n  .COROLLARY 2.5. Let x j y ; L V, m and assume thati is1 i is1 1
 .  .  .  .x v F ??? F x v and y v F ??? F y v a.e. Then1 n 1 n
n n
5 5 5 5 5 5 5 5x y y F x y y y x y x q y y y . .  i i i j i j i j
is1 i , js1 1Fi-jFn
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3. PROOF OF THE POLYGON EQUALITY CONJECTURE
Let us now consider the polygon equality conjecture. Suppose that
m  4n  4n  .X s l and x j y ; X are such that 1.1 holds. Let2 i is1 i is1
m < 5 5 4V s S [ u g X u s 1 .
Furthermore, let m denote the normalized rotation-invariant measure on
  . . < : <  . 5 5V i.e., m V s 1 . Then the integral H ¨ , y dm y depends only on ¨V
and not on ¨ itself. Put
< : <c s u , y dm y , u g V . .H
V
Then the map
T : l m ª L V , m , .2 1
defined by
y1 :Tx v s c x , v , .  .
m  . is an isometric embedding of l into L V, m see Lindenstrauss and2 1
w x.Pelczynski 4, p. 312, Prop. 7.5 . Moreover, V is a compact metric space
and, for every x g l m, Tx is a continuous function. It follows by Theorem2
  .4n2.3 and Remark 2.4 that, for every v g V, the numerical sets Tx vi is1
  .4n mand Ty v are identical for every v g S .i is1
Continuing, since the expression
5 5 5 5 5 5x y y y x y x q y y y . i j i j i j
i , js1 1Fi-jFn
does not depend on the ordering of the x 's and y 's we may assume thati i
both sequences are arranged by decreasing order in the norms, viz.,
5 5 5 5 5 5 5 5x G ??? G x and y G ??? G y .1 n 1 n
5 5 5 5 5 5y1 mSuppose now that y G x and let v s y y g S . As mentioned1 1 1 1
  .4n   .4nearlier, by Theorem 2.3 and Remark 2.4, the sets Tx v and Ty vi is1 i is1
are identical, and so for some 1 F j F n, we must have that
y1 :c x , v s Tx v s Ty v .  .  . .j j 1
y1 5 5y1 : y1 5 5s c y y , y s c y .1 1 1 1
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It follows that
5 5 5 5 5 5y1 : 5 5y1 : 5 5y G x G y x , y s y y , y s y .1 j 1 j 1 1 1 1 1
This implies that x s y . Clearly, we can assume without loss of generalityj 1
that j s 1. Since
n n n n
5 5 5 5 5 5 5 5x y y q y y x s y y y q x y x ,   1 j 1 j 1 j 1 j
js2 js2 js2 js2
we obtain that
n
5 5 5 5 5 5x y y s x y x q y y y . . i j i j i j
i , js2 2Fi-jFn
Repeating the above procedure, we get that there is a j, 2 F j F n, such
that x s y . Continuing in this manner, we arrive at the equalityj 2
n
5 5 5 5 5 5x y y s x y x q y y y , i j ny1 n ny1 n
i , jsny1
which implies, by the triangle inequality, that either x s y and x sn n ny1
y or x s y and x s y . We have therefore proved the polygonny1 n ny1 ny1 n
equality conjecture.
We conclude with the following comment. For any two sets of vectors
 4  4 mM s x , . . . , x and M s y , . . . , y in l , define the function1 1 n 2 1 n 2
n
5 5 5 5 5 5f M , M s x y y y x y x q y y y . .  . 2 2 21 2 i j i j i j
i , js1 i-j
 .  .From the foregoing we know that f M , M G 0 and that f M , M s 01 2 1 2
 4if and only if there exists a permutation p on 1, 2, . . . , n such that
y s x , i s 1, . . . , n. One might therefore be tempted to conjecture thati p  i.
 . mf ?, ? defines a metric on the subsets of cardinality n of l . That this is2
not the case is shown in the following example in which transitiveness fails
to hold. Let
10 5 0
M s , , ,5 5 51  5 /  /  /5 0 5
0 0 0
M s , , ,3 3 02  5 /  /  /0 0 0
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and
2 0 2
M s , , .2 2 23  5 /  /  /0 2 2
A computation now shows that
40.5037 f f M , M l f M , M q f M , M .  .  .1 2 1 3 3 2
f 29.0420 q 11.2368 s 40.2788.
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